Abstract-In this paper, we generalize the theorem given by R. M. Wilson about weights modulo p t in linear codes to a divisible code version. Using a similar idea, we give an upper bound for the dimension of a divisible code by some divisibility property of its weight enumerator modulo p e . We also prove that this bound implies Ward's bound for divisible codes. Moreover, we see that in some cases, our bound gives better results than Ward's bound.
I. INTRODUCTION
D IVISIBLE codes were introduced by H. N. Ward in [1] . A divisible code is a linear code whose codewords all have weights divisible by some integer , where is called a divisor of the code.
Let be a prime, and , , be a prime power. Let denote the field of elements. Recall that a -ary linear code of length and dimension is a -dimensional subspace of .
Ward proved in [1] that if a divisor of a divisible code is relatively prime to the field characteristic, then the code is merely equivalent to a replicated code. So for a -ary divisible code , we are most interested in the case where the greatest divisor of equals for some integer . In such case, is said to be of (divisibility) level . Moreover, we may regard nondivisible codes as level codes. Suppose the codewords in a level -ary code are gathered in classes according to their weights modulo . Then the following theorem gives a sufficient condition for the sizes of all classes to be divisible by . In Section II, we will generalize this result to level divisible codes, where can be any positive integer. The proof of the above theorem was based on the following lemma, which is also essential in our generalization. Manuscript for some . In Section III, we will generalize this upper bound to level divisible codes and it turns out that the bound is determined by the power of in the weight enumerator modulo . Moreover, we will show that this generalized bound implies Ward's bound [3] . In Section IV, we will see some applications of our bound, which gives better results than Ward's bound in certain cases.
II. WEIGHT MODULO A PRIME POWER IN DIVISIBLE CODES
In this section, we will generalize Theorem 1.1 to a divisible code version. Before stating our main theorem, we need give the following lemma. , the bound for the dimension of given in Theorem 2.4 is much better than that given in Theorem 1.1.
III. A BOUND FOR DIVISIBLE CODES
In this section, we will give an upper bound for the dimension of level divisible codes by a similar method as in the proof of Theorem 2.4. The main theorem of this section is based on the following lemma. (2) for all . Now we will prove our claim by induction on . Base case arises directly from . Assume that for some , our claim is true for all . Then the congruence in (2) with gives
Note that by a well-known relation between binomial coefficients if if which can be proved by inclusion-exclusion. Therefore
In particular which gives a contradiction! We see that Ward's bound can be directly derived from Theorem 3.3 by applying Proposition 3.9. Moreover, from the proof of Proposition 3.9 we see that when Ward's bound is attained, one can completely determine the weight enumerator modulo , where . So if we have any extra information about the weight distribution that contradicts this property, then the bound can be improved. We will discuss this more in the next section.
IV. SOME APPLICATIONS OF THE BOUND
We have shown in the previous section that our bound implies Ward's bound. Note that Ward's bound is determined by the spectrum of the weights and there is no difference if some middle terms are missing. But our bound is determined by the weight enumerator modulo . So in some certain cases, our bound gives better results.
For example, let us consider the -ary, , level divisible codes whose nonzero weights are among where is some integer such that . Ward's bound says that the dimension of such codes cannot exceed By applying Theorem 3.3, we see that no matter how large is , the dimension is always at most , which is quite an improvement. Actually, this is the same as the bound for constant weight codes of the same divisibility level. , where the nonzero weights of are and . Suppose has weight . Let be the complement of the support of . Let denote the projection code of on . Then has no nonzero weights other than , , . The weight can also be eliminated as is linear. So . Note that is the only codeword in that vanishes on . Therefore , and hence the bound cannot be attained. Moreover, is the exact bound in this case as we may let be generated by Note that this exact bound is just . Inspired by this example we see that generally if and , i.e., , then the bound can be improved to by an induction proof on : We use a similar method as described in the previous example to reduce to cases with smaller , i.e., take with weight and consider the projection of on the complement of the support of . Then has nonzero weights and . Moreover, the bound is sharp because the same construction as before in the case still works here.
Similarly if , the bound can be improved to by an induction proof on : The method of reducing to cases with smaller is similar as above, where in this situation, we take a codeword of weight . Note that the base case says that if has nonzero weights and , with even, odd, and , then . We see that the bound is sharp by the following inductive construction. Let be the two-dimensional code with one codeword of weight , and two codewords of weight , and be the generating matrix of . 
